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0. Introduction 



Long ago Nahm [1] pointed out that supergravity theories could only exist in eleven 
and less space-time dimensions and that the maximum number of supersymmetries they 
could possess were contained in spinors that had in total no more than 32 real components. 
The supergravity theories with 32 components are called maximal supergravity theories. 
There is a unique such theory in eleven dimensions which was constructed [2] as an ap- 
plication of the Noether method that was used to construct the first supergravity theory, 
the N = 1, D = 4 supergravity theory. However, in ten dimensions there are two such 
maximal supergravity theories called IIA and IIB. These two theories possess different su- 
persymmetries which when decomposed in terms of Majorana-Weyl spinors are of opposite 
and the same chirality respectively. While the construction of the IIA theory [3] was found 
by dimensional reduction of the eleven dimensional supergravity theory, the construction 
of the IIB theory [4,5,6] required new techniques. There is a modification of the IIA theory 
that preserves the number of supersymmetries, but introduces a dimensionfuU parameter 
[7]. This theory is called massive IIA supergravity and it possesses a cosmological constant. 

One of the most remarkable features of supergravity theories is that the scalars in the 

supergravity multiplets always occur in a coset structure [8]. While this can be viewed as a 
consequence of supersymmetry, the groups that occur in these cosets are rather mysterious 
[9,10,11]. It has been conjectured [12] that the symmetries found in these cosets are 
symmetries of the associated non-perturbative string theory. 

The coset construction for the description of the scalars was extended to include the 
gauge fields for the maximal supergravity theories [13]. In this construction all gauge fields 
and scalars were introduced along with their duals. The advantage of this approach is that 
the equations of motion can be reduced to first order equations in form of a generalised self- 
duality condition. This method was subsequently applied to massive IIA [14]. However, in 
these papers the vector indices on the gauge fields did not arise from the underlying group, 
but were introduced by hand. As such, it is difficult to see how this construction could be 
extended to include the other degrees of freedom of the theory, namely the graviton and 
the fermions. 

Recently, it was shown that the entire bosonic sectors, including gravity, of the eleven 
dimensional supergravity theory and the ten dimensional IIA [15] and IIB supergravity 
theories [16], could be formulated as a non-linear realisation. It was also conjectured, 
that when suitably formulated eleven dimensional supergravity would be invariant under 
a Kac-Moody algebra [17]. Although, this conjecture was not proved in [17] some evidence 
was given and the Kac-Moody algebra was identified. It had rank eleven and was denoted 
Ell [17]. A similar analysis found that En was also the Kac-Moody algebra that would 
underlie the ten dimensional IIA and IIB theories [16,17]. As has been pointed out by one 
of the authors (PCW) in a number of seminars it could be that £"11 is part of an even 
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larger underlying algebra that is a Borcherds algebra. 



This is consistent with the general belief that all these theories are part of a larger 
theory which has been called M theory [18]. It was conjectured [17] that En over an 
appropriate field was a symmetry of M theory. However, as seen from this perspective 
M theory does not necessarily live in eleven dimensions, but rather has its dimension 
undetermined. A particular theory results from a choice of "vacuum" in M theory and the 
dimension of the resulting theory is a consequence of the Lorentz group that is contained 
in the subgroup of En that is preserved by the "vacuum" under consideration. 

In this paper we extend some of these considerations to the massive IIA theory and as 
a first step show that its entire bosonic sector can be described as a non-linear realisation. 



1. Massive IIA Supergravity 



The bosonic sector of massive IIA supergravity was originally [7] described in terms of 
the same fields as in the ten-dimensional chiral theory without the cosmological constant. 
These fields were the graviton, ha^, the scalar A (dilaton) and the p-forms ^ai - a for 
p — 1,2,3. However, the massive theory also contains a constant which is related to the 
cosmological constant. The bosonic part of the original Lagrangian given by Romans in 
[7] was 

e-^L = R- ^d^Adi'A - Le-^/-^Ap^upap^^^^ _ ^^A^^.p^^^^ _ ^2^-3/2^^^-^^^ 

1 p-i 

— -m^p"^/^"^ -I- — (fl^'^P^^il■■■^^<i(^af) a' f) A' B 

2 6-48 l-'-"'^M^i^pa^Mi^A(2M3M4-"M5M6 

36 

-|-16m9^^i/po--B^i;[i2-^M3M4-^M5/u6 + B n,jB p^B ^j^^^j^^B n^^j^^B ^j^^hq) ^ (1-1) 

where 

G^yp = 3d[^B^p] , and 

4(9[Xpa]+6"^5[M-i^pa])- (1-2) 

By redefining the fields according to 

2 , 6 

Bp^u = Ap,^ + —d^pA^^ A^^p = Api,p - QA[pA^p^^ - —A^^dpAp^, (1.3) 

as explained in [19], it can be rewritten in the form 

e-iL = R- ^dpAd^'A - ^e^/^^Fpyp^F^^-'P'' - \e-^GpypG^^P - e'l'^'^Fp^F^- 

_lrr)2„5/2A I ^ frMi -Piof/^ A r) A A A-mf) A AAA 



where the gauge invariant field strengths are now given by 

Ff^^ = 2{d[i^A^] + ^mA^^) , and Gf,typ = 3d[^A^p], (1.5) 
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= ^^[^^A^pa] + QA[^d,,Ap^] + -mA^p^Ap^^). (1.6) 

The terms containing negative powers of m form a total divergence and can be dropped. 
In this second formulation the one form gauge field, which had been absorbed in the two 
form gauge field to make it massive in the former formulation, appears explicity and one 
can take m ^ to find the Lagrangian of massless IIA supergravity in a straightforward 
way. 

Following [19], in this formulation we may treat m as a dynamical field. The field 
equation for the new nine form gauge fields states that = i.e. m is a constant. While 
the field equation for m sets the field strength of the nine form gauge plus a combination 
of other forms in the theory equal to the epsilon symbol. We note that unlike for the 
other gauge fields these equations are first order. In [19] it was argued that one can 
derive the field equations for the purely bosonic sector of massive IIA supergravity from a 
Lagrangian which does not contain the mass parameter m at all. To obtain this formulation 
the field equation for m was plugged back into the Lagrangian (1.4). The advantage of this 
approach, as was explained in [19] is that this theory then naturally couples to an eight 
brane. 



References [13] and [14] introduced duals of all the original gauge fields. As a result, 
the field equations for the gauge potentials could be reduced to first order. In the case 
of massive IIA supergravity [14] the dual of the nine form gauge field was taken to be a 
"minus one form" whose field strength was then dual to the ten form field strength of the 
nine form gauge field. We have noted in the last paragraph that the field equation for 
the nine form gauge potential is necessarily first order. We therefore do not introduce a 
dual of the nine form potential. In this paper we will introduce dual gauge fields for all 
the original gauge field, namely Aa^...ag for g = 5, 6, 7, 8, but not for the nine form gauge 
field. We will find that the momentum operator plays an important role in place of the 
generator associated with the minus one form. Although to see the full symmetry one will 
have to introduce "duals of gravity" we will not do this here. The complete bosonic field 
content we require is thus given by: 

h ^ A A A A A A A A A (^ 7\ 

"•a 1 ■'^C-i ^ClC27 ^ClC2C37 ^Cl...C55 ^Cl...C67 ^Cl...C71 ^Cl...C85 -'^Cl...CQ- \^-' ) 

In a non-linear realisation these fields are considered as the Goldstone bosons. We therefore 
introduce the corresponding generators 

K^b, R, R", R""^ i?^! -'^^, ■■'^^ (1.8) 
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The generators K"-^ satisfy the commutation relations of GL(10, R) and the non-zero 
commutation relations between all generators mentioned above are given by 

[K\, K'd] = 5lK"d - S2K% [K\, Pe] = -S^Pb, [K\, R^'-'-] = 51' R"''^-'- + ■ ■ • , 

[P,p^i-^p] = CpR"' -"^ , [R"'-^^ , R^'-^"] = Cp,gi^^l■■■"p+^ (1.9) 

where + ■ • ■ means the appropriate anti-symmetrisations. We also include the momentum 
generator in the symmetry algebra and its non-trivial relations with the other generators 
are given by 

[Pa, R"'-''-] = -mhp{5l'R''^-''- + ■•■), [Pa, R] = -mboPa. (1.10) 

In what follows it will often be useful to denote c_i = mbo, since in this way one can view 
the last commutator of equation (1.10) as an extension of those of equation (1.9). 



If the coefficients are taken to be 

113 5 

C3 = -C5 = C2 -C6 = -, Cl = -C7 = --, Cg = -C_i = -, 

Cl,2 = -C2,3 = -C3,3 = Ci,5 = C2,5 = 2, 03,5 = 1, C2,6 = 2, Cij = 3, 

1 15 
C2,7 = -4, b2 = --, b7 = --, 69 = -, (1.11) 

(all not mentioned coefficients are equal to zero) then we can verify that all Jacobi identities 
are satisfied. For example, the generators corresponding to the gauge fields (all c's) fulfill 
the condition 

Cq,rCp,qr+r — Cp^qCp-\.q^r ~l~ Cp^fCq^p-^-f (1.12) 

where g,p and r indicate the rank of the generators. The Jacobi identities which involve 
bo obey the above relation provided we take mbo = c_i where appropriate. The Jacobi 
identities that involve the bp,p ^ structure constants in the new commutators of equation 
(1.10) obey the relation 

bp+qCp^q = bpCp—l^q -\- bqCp^q—\. (1.13) 

One such example is given by the Jacobi identity involving R°'^, ^ci - c7 which is 

satisfied provided C2 769 = C2 6^7 + ^2Ci 7. 



The relations of equations (1.9) are the same as the algebra denoted Gua [16] relevant 
to the II A supergravity theory except that they also include the rank nine generator. For 
the IIA theory the commutators of equation (1.10) vanish. Since the above mentioned 
commutation relations include those of IIA supergravity [16], we call the modified group 
which is generated by the above generators GmiiA- 

We can write a general group element of the corresponding group as 
g = exp{x'^P^)exp{ha^K°'b)9A = gx9h9A, 
5 



where 

gj^ = e(l/9!)^ai...a9i?"i -'^9 g(l/8!)A<,,...„3fl"i -8 ^(1/7!) A,, . . . it"! ' -7 ^ 

(1.14) 

Of course, we could have chosen any other representation, but the calculations turn out to 
be simplest in this particular exponential representation. 



We now construct a non-linear realisation of the GmiiA algebra taking the local sub- 
algebra to be the Lorentz group. As such, we demand that the theory is invariant under 

g^gogh~^, (1.15) 

where go is a rigid element from the whole group GmiiA and h is a, local Lorentz transfor- 
mation. We calculate the Maurer-Cartan form 

V^g-^dg-u (1.16) 

in the presence of the Lorentz connection co = \dx'^ijjfj,h°'J^ a-, which transforms as 

u ^ hujh-^ + hdh-^ . (1.17) 

As a result, V transforms as 

V^hVh-^. (1.18) 
We split the Cartan form in gravity and gauge field parts according to 

^ = idh^dgh + {g^^dgA + gA^{gh^dgh)gA - gh^dgh), (1.19) 
and set the result to be equal to 

9 1 

V = dx^{e^-Pa + n^a'K\) + dx^'{ J2 ^e-^--^L'^A„,...„^i?"i--), (1.20) 

p=i, p^A ^" 

where 

^ab"" = {e-^)a^ ((e-^a^e)b' - u^^'^) , (1.21) 

and 

e/ = e-^/^^(e'^)/, e/ = (e'^)/. (1.22) 

We see that the object in front of the momentum generator gets altered with respect to II A 
(where it was e^") due to the non-vanishing commutator in equation (1.10). We also see 
that the vielbeins in the Q.^h'^ equation (1.21) are the unhatted vielbeins. The additional 
factor of e~^/^"^ just multiplies the usual expression of ^ah'^ from the massless case [16]. As 
we will see in chapter 2, the physical vielbein therefore remains unchanged. The objects 
£>^^ai - Op defined in (1.20) will be explicitly stated below. 

6 



Massive IIA supergravity is the non-linear realisation of the group that is the closure of 
the GmiiA algebra given above and the conformal group in ten dimensions. We therefore 
take only those combinations of the Cartan forms of GmiiA that can be rewritten as 
Cartan forms of the conformal group (see section 2). Lorentz covariant objects which are 
also covariant under the full non-linear realisation of the closure of the conformal and the 
GmiiA algebra are then for example the completely anti-symmetrised derivatives 

^a,...a, =pe-^/'^e-'=-^^^[„,A,,...„^], (1.23) 

where we have to use Da = ea^Dn to convert the curved index to a flat index group- 
covariantly. As the physical vielbein is the unhatted one, we gain an additional factor 
g-5/4yl front of every field strength in comparison with the IIA case. A discussion of 
the closure with the conformal group is postponed to the second section. We now give the 
explicit form of the field strengths. They are given for the scalar by: 

Fa = e-^/^^L'a^, (1.24) 

for the 1-form: 

Fa,a, = 2e-^/^^e(^/^)^^[,,A,,] = 2e-'/'\^'/''^^{D^aAa.] + \mAa,a,), (1.25) 
for the 2-form: 

Ka.a, = Se-'/'\-('/'^^D[a,Aa,as] (1-26) 

for the 3-form: 

Fa,...a, = Ae-'/^\^'/^^^{D^a.Aa,...a4 + 6A[„, A„3„,] + ^mA^a^a^asa,]) (1-27) 

for the 5-form: 

Fa,...ae = Ge-^/^^e-^l/^)^ (^D[a,Aa,...ae] + 20 (£>[„, + ^mA[a,a,Aa,aMa,ae?j 

(1.28) 

for the 6-form: 

F - 7p-^/^^p(^/^)^ ( Dr A .^-mA -20A, DA i + 

+ 12A[a,{D[a2Aa,...ar] + '^OAa,as{D[a,Aa,aear] + ^™A4aa^a6a.]))) (1-29) 

for the 7-form: 



+ 2 '^^"304 ^0506^0703]) ) (1.30) 



for the 8-form: 

— 56^[o^a2a3-Da4^a5---a9] + 1008^[ai^a2a3-^a4^O5---a9] + 8'^^[aia2^a3---a9] + 

7! 8! 

+ "2"'^^[oi ^0203 ^0405^0607^0809] "I" "^^[01^0203^0405-^^06^070809]" 

5 \ 

"ll^OAjajjjjAaga^agDagAjj^fjgfjg] — —777,^^1 02- ••09 1 (l-^l) 

and finally for the 9-form: 

-f^oi-'-oio ^ V [Ol^02---0lo] -'-^^^[oi02-'^03^a4---Olo]T^ 

9! 

+3024A[(j^g[2 A^ga^i^ag A(jg...Q^g] ^ ^ t ^ 1 ^ 2 ^ O 3 O4 ^ O 5 O 6 "^O 7 ^ O 8 O 9 1 Q ] 

+ 3024mA[(jj(j2 A(j3a4 A(jgag Agi^ag Ag[g(j^(j]) , (1.32) 
where is the covariant derivative 

DaAai...ap — Co'^l^/i^oi ...Op + ^^/[i6)oi'^^co2...ap + ■ • ■) (1.33) 

and . . . indicates the terms where (e~^9^e) acts on the other indices of the gauge field. 
Also, we have written the exponential e"^/'^^ separately in front of every field strengths 
to indicate that it is common to all of them. 



Using the Cartan forms which transform only under the local Lorentz group in a 
manner that their indices suggest we must write down a set of invariant equations. If we 
ask that they be first order in derivatives they can only be given by 

pai---Op _ ]_ O1---O10P „ _ 1 2 .s 4 (^ 

^ ~ (^iQ — py -^op+i -aioj — -L) ^) -J) IJ--^"*; 

Here we see that the common exponential factor e"^/^"^ indeed peels off each equation. 
The nine form gauge field does not possess a dual field, however, its ten form field strength 
can be taken to be a constant m times the epsilon symbol 

m = e-'/'^^e---^^Fa,...a,o- (1-35) 

All the above equations of motion and the Einstein equation are equivalent to those one 
can derive from the Lagrangian formulation given at the beginning of this chapter. We can 
see that the simple field strengths of equations (1.5), (1.6) indeed match with those given 
in our group approach of equations (1.25)-(1.27) and one can indeed verify that the above 
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equations of motion for the gauge sector (1.34) and (1.35) are the same as those one can 
derive from the Lagrangian (1.4) once we take m to be a dynamical field. 

To recover the massless case, we simply switch off the commutators with the momen- 
tum generator by setting m = 0. However, because c_i = mbo we also have c_i = 0. Then 
using the Jacobi relation 

c_i = -Cg (1.36) 

we deduce cg — 0, and then as 

C2,7Cg = C2,7(C2 + C7), (1.37) 

we also need 02,7 = 0. Thereby the nine form is made redundant (-F(io) — (^^(9)) and we 
are indeed left with the massless case. 



2. Closure with the Conformal Group 

The massive IIA supergravity theory is the non-linear realisation of the group that 
is the closure of the GmiiA group given above with the ten-dimensional conformal group. 
The closure of these two groups is an infinite dimensional group, but rather than working 
with this group we can perform a simultaneous realisation of the GmiiA and the conformal 
group. What this actually means is that we construct the equations of motion only from 
combinations of the Cartan forms of the GmiiA group, given above, that can be rewritten 
in terms of the Cartan or other covariant forms of the conformal group. In doing this 
one gains invariance under both conformal group and GmiiA, and so necessarily we find 
invariance under the group which is the closure of GmiiA and the conformal group. This 
is discussed at length in reference [15], but here we briefly discuss the novel features that 
arise in this procedure when applied to the massive IIA theory. 

The two groups only have one Goldstone boson in common namely the trace of hj* 
which is related to the conformal field a. In fact we have to identify these two fields via 
e^u" = (e'^)p" = {e'^^^^)fj°' (as in [15]). All the other fields that occur as Goldstone bosons 
in the GmiiA algebra are viewed as matter fields from the conformal group viewpoint. The 
conformal covariant derivative of a field B transforming under a representation S of the 
Lorentz group is: 

A^B = e-^d^ + aVS^,) B. (2.1) 
In contrast, the GmiiA covariant derivative of a matter field is given by 

DaB = {e-%^{d^ + \oj^t,-T.\) B. (2.2) 

multiplied by a suitable exponential of A. As the latter is a Lorentz scalar it plays no part 
for the discussion of the closure with the conformal group given in this section. Solving 
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(2.1) for d^B and plugging the result into (2.2), we get 

DaB = {e-^)a^{e''A^B - d^aE^.B + ^u^b'^^B). (2.3) 

If we demand that the whole a dependence be through the conformal covariant derivative, 
then we learn from this equation that cu^b*^ must be solved for by a GmiiA invariant 
condition on the Cartan forms in such a way as to cancel the derivatives of a on the right 
hand side. This is carried out below and we find that the usual expression of the spin 
connection in terms of the vielbein (stated below in (2.8)) has precisely the right form to 
do the job. 

We now illustrate the procedure of taking the closure of the conformal and the GmiiA 
group by considering the vector field Aa instead of a general matter field B. The other 
gauge fields are treated in a very similar way. The conformal covariant derivative of a 
vector (2.1) is given by (see also [15]) 

A^A = e-%d^Aa + v^ad^aA, - da(j5l^A,). (2.4) 

Using this equation we may rewrite the GmiiA covariant derivative of Aa given in equation 
(1.25), respecting (1.33) as 

Da.Aa, = (2.5) 

where the vielbein with the overbar stands for the traceless part e^" = e = (e-e*^)^". 

We realise that only if we take the combination D^^a^b] does the a dependence only appear 
through the conformal covariant derivative alone, as then the 3 cr-dependent terms in the 
second bracket vanish since they are symmetric in ji and 02. If we want to use expressions 
covariant under both the conformal group and GmiiA, then we have to demand that all 
a dependence be implicitly through the conformal derivative alone. As such we conclude 
that only the totally antisymmetrised object 2e^/'^^e^a\^DnA^^ = Fab is covariant under 
both groups. 

We know that the closure of the GmiiA group and the conformal group generates 
gauge transformations and general coordinate transformations and so the above object 
should be covariant under these transformations. We observe that 

D^aM = 2 {9[aAb] + ie-^d[ae)bfAc + mh2Aab) = 2e„'^e,,"(a[^A,] + mfesA^,,), (2.6) 

making it clear that it is covariant under gauge and general coordinate transformations. 
The GmiiA covariant derivatives of IIA supergravity only differ from those of massive IIA 
supergravity by terms containing m, and the nine form potential. However, as these new 
terms do not contain derivatives the closure with the conformal group is not spoilt by the 
presence of these terms. 
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We now turn to the gravity sector of the theory. Clearly, the constraint 

^a,[bc] - ^b,{ac) + ^c,(ab) = 0. (2.7) 

is GmiiA covariant, but one can show in much the same way as for the II A and the eleven 
dimensional supergravity cases [15] that it is also conformally covariant. Examining the 
definition of fla,bc in equation (1.21), we see that it involves an undifferentiated factor of 
= e~^/^^ea^ . The factor of e~^/^^ can then be removed and we find that it is exactly 
the same constraint as in the other cases (eleven dimensional supergravity, IIA and IIB 
supergravity) and therefore results in the usual expression for the spin connection in terms 
of the vielbein, namely 

111 

^fjibc = ^{eb^d^epc-e/dfj,epb)--{ebPdpefj,c-e/dpefj,b)--{eb^e/dxepa-ec^eb^dxepa)efj,"'. 

(2.8) 

We conclude that the physical vielbein of general relativity is just e^". 

The upshot of this discussion is that the simultaneously covariant objects that trans- 
form covariantly under the group GmiiA o-i^d the conformal group are the for 
p= 1, . . . , 10 (except 5) defined in (1.24)-(1.32) and the Riemann tensor 

Rfiub" = dix^yb"" + ^t.b'^^yd -{iJ^^u). (2.9) 

The invariant field equations for all the fields except that of gravity are given in equations 
(1.34) and (1.35), while that for gravity must be of the form 

R,.bVea' = ^-^m-e'l-S^b + \daAdbA + e-^(Ff - ^VabF^'^^'f F^^) 

+2me3/^^(F(^)^F£) - ^^VabF^'^'^'F^f) + ^eV^^(FWcc^/i^^^)^ - ^^VabF^'^^'f^ F^^). 

(2.10) 

This equation does not look GmiiA covariant as we seem to have used the unhatted viel- 
beins only. However, the same factor of e~^/^"^ turns up in every single term and can 
therefore again be dropped. We note that, one cannot know the factor in front of each 
term on the right-hand side. These factors can only be determined if we additionally use 
information from supersymmetry or the Kac-Moody algebra. We have just put in the 
correct values for those constants. 

3. Discussion 

We have shown that like all the other maximal supergravity theories the entire bosonic 
sector of massive IIA supergravity can also be described as a non-linear realisation. Apart 
from introducing dual fields for all the gauge fields of the original formulation [7] of the 
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massive IIA theory we also have included, following [19], a nine form gauge which is 
associated with the introduction of the cosmological constant. The correct theory requires 
that the momentum generator has non-trivial commutation relations with the generators 
associated with the gauge fields as given in equation (1.10). This is natural as the nine 
form is associated with the cosmological constant and so with gravity. 

This is in contrast to the work of reference [14] which takes a different approach and 
does not include gravity, but does introduce a dual form for the nine form gauge field 
which was called a "minus one form" . The properties of this minus one form are not very 
explicitly spelt out. In effect we find in this paper that the momentum generator plays the 
role of the generator associated with the "minus one form" of reference [14] . 

It would be interesting to examine if the non- linear realisation could be extended, in 
ways explained in reference [17], to be invariant under a Kac-Moody, or Borcherds algebra, 
and to conjecture what this algebra is. In the previous non-linear realisation of the maximal 
supergravities the momentum generator has not played a central part in the Kac-Moody 
algebra that has been identified. However, the non-trivial relations of equations (1.10) 
imply that this generator must occur in a non-trivial way in the corresponding algebra. 
Progress in this direction may also shed light on the place that the massive IIA theory has 
in M theory. 
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